In this paper, & will denote a commutative ring with identity, and &* will denote the set of ^x% matrices over ^. If A, Be & n , then A = B will mean that A is similar to B. We remark that if & is an ID-ring then every finitely generated protective I?-module is the finite direct sum of cyclic modules, and that & is a directly indecomposable ID-ring if and only if every finitely generated protective ^-module is free. Most of the literature on this subject has been concerned with showing that a given ring & has the property that every finitely generated projective ^-module is free. This necessarily imposes the condition that & be indecomposable. In this paper, no such restriction is made. The following lemma, due to A. L. Foster, is an important tool in our development.
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FOSTER'S LEMMA. & is an ID-ring if and only if every ίdempotent matrix over & has a characteristic vector.
From this lemma, which appears essentially as Theorem 10 in [2] , one can quickly deduce that quasi-local rings and principal ideal domains are ID-rings. Then, known structure theorems suffice to show that principal ideal rings (see [7] , p. 66), rings with descending chain condition, and Boolean rings are ID. These results will be extended in the next section.
If there exist invertible matrices P, Q e & n such that PAQ is a diagonal matrix then A is diagonable. , n.
, n.
From (2), it follows that | C \ = Since F is basal, pj^" = (d). Hence there is an a e SΓ such that pa = d. Thus, jt) is not a zero divisor. If 6 e 3Γ 9 then for some re^, pb -rd -pra.
Hence, b -ra and J^" = (α). Recall that if ^ is the set of idempotents of & then <^\ Π, U, *> where α n 6 = ab, af)b = a + b -ab, and α* = 1 -α, is a Boolean algebra (see [1] ). It follows that if a l9 α 2 , . . ,α n e^ and α -U?=i Λ i then a l9 α 2 , , α Λ generate the principal ideal (a) in &. , n, XC = α,X and, as in the proof of Foster's Lemma,
, a n ) where α, I α ί+1 , i = 2, 3, , n -1. Since α 2 divides each entry of C, α t | α 2 . If also, A ^ diag (6^ δ 2 , , 6 Λ ) with b { \ b i+1 , i = 1, 2, , w -1, then it is a consequence of Theorem 9.3 of [6] that bι = a i for each i. This can also be seen directly as follows: since a r divides each r-rowed minor of diag^, α 2 , , α Λ ), a r divides b r = &A δ r . Similarly, 6 r divides α r and, since both a r and δ r are idempotent, a r -6 r , r = 1,2, ...,n. Proof. We need merely observe that if A ~ diag (a u α 2 , , a n ) with a { I a i+1 , i -1, 2, , n -1, then α Λ = | A |. THEOREM 
Let ^ be the Jacobson radical of &, let ^Ϋ~ be the ideal of nilpotents in &, and let 3>Γ be an arbitrary ideal in &. If ^Γ ^^ and &\3ίΓ is an ID-ring then & is an ID-ring. If 3f C ^ then & is an ID-ring if and only if &\3$Γ is an ID-ring.
Proof. Let ^T g^ and assume that &\3T is ID. Proof. Let <% be π-regular with Jacobson radical ^. Then \^ is regular and, therefore an elementary divisor ring (see [3] , p. 365). The conclusion follows from Theorems 5 and 6. Theorem 10 shows for example that the domain of complex valued functions of a complex variable which are analytic at some point z 0 in the complex plane is an TZλring, or that the domain of real valued functions of a real variable analytic at some real number r 0 is ID. It is also true that the domain of entire functions is ID. This has, however, nothing to with Theorem 10; but it is rather a consequence of Theorem 7 in conjunction with a theorem proved in [4] to the effect that in the domain of entire functions every finitely generated ideal is principal.
The problem of determining, given a ring ^?, whether or not έ% [a] is ID is a difficult one. An important result in this area is due to Seshadri who proved in [8] Proof. The assertions of this theorem are a consequence of applying the Corollary to Theorem 5 to Seshadri's result. First, assume that &/Λ" is a principal ideal ring. It is a consequence of the result on page 66 of [7] that ^/^i^ is a finite direct sum of principal ideal domains. Thus (1) [x, y] ) n . Then the set of coefficients of the entries in A together with 1 generate a finite Boolean subring </> of ^j^i^ whose unit element is the unit element of &\Λ^'. Since £f is the finite direct sum of fields, A is diagonable and (2) has been proved. Finally, assume that & is a π-regular ring with finitely many idempotents. Then &\^V~ is the finite direct sum of fields. This completes the proof of (3). Mathematical papers intended for publication in the Pacific Journal of Mathematics should be typewritten (double gpaced). The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts may be sent to any one of the four editors. All other communications to the editors should be addressed to the managing editor, Richard Arens at the University of California, Los Angeles, California 90024. 50 reprints per author of each article are furnished free of charge; additional copies may be obtained at cost in multiples of 50.
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